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» Chapter 12 Ordinary Differential
Equation
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Differential Equation

- Wlugunrsnrvadindans Nnusznauese
Derivative (¥i3a Integral)
- Solution wav&un1séa Function v1si Derivative
w3a Integral Usngat

. siluuuiiillda (First Order)
- dy/dx = f(x.y)
- ASEALART dy/dx = f(x) saunsanAgun1siag

1dn1s Integrate
- dy = f(x)dx

*y= I f(x)dx = F(x) + C : a1 C &unsamla laansiinum
Initial condition




Example 1

. Solve for W _3,:.
™ X“; X=2,y=4




Example 1

+ Solve for ¥ _3x2. x_2y-2

dx
dy = 3x°dx
y = j 3x°dx

y = X° + C (General Solution)
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Example 1

- Solve for %:sz; X=2,y=4
X

dy = 3x°dx

y = j3x2dx

y = x* + C (General Solution)
X=2,y=4

4=2°+C

C=-4

y=x>-4




Differential Equation

* A1 Order gygnuay Derivative g
A11iua Order a9 Differential
Equation

- UIU Initial Condition Nagsiavlaxy
LiNAUAIUaY Order UaY&UNTS
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Example 2

F(X,y):xy°+2y+x°=4 Find f(x, y)=diF(x, y)
X

d , d
— Xy +2y+ X =—4
dx y y dx

d , dy dx
X—y +y —]+2—+2Xx—=0
: dxy y dx] dx dx

C’:xy2%+2ﬂ =-2X—Y°

dx  dx
ﬂ[Bxyz +2]=-2x-y°
dx

dy —2x-y°
dx [3xy’+2]




Example 2

3
. urigums W f(X,y)= —2X—y

dx [3xy* + 2]

. IRVE

y = 2x2 y dx
[3xy* + 2]
. g3

y = 2x2 y dx
[3xy* + 2]

Integrate 11'l6




Differential Equation

- Tools mMuadinaansna1daua1msulaluy
n1suAteynn Differential Equation
- Laplace Transform (one side/two side)
- Fourier Transform Taf'latzunu

- Z-Transform ld&usuunileumin Discrete
Version uav Differential Equation

+ fa Differential Equation Mleannn1sgu
maaﬂwomaomauﬂs

- nsdlflis3un Difference Equation
mumuaﬂiutuamam CPE 308




Differential Equation

- uniitsagu1n Numerical Method
gnTuldlunsuAgunis Differential
Equation

- 15avddnagn First Order uag Initial
Condition MaRI6U

- vflugunisuas Ordinary Differential
Equation

* One Independent Variable

- fusaaeanlasd sy Higher Order la

- nsdlviflu Boundary Condition azaaglaia
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Chapter 10
» Ordinary Differential Equation
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HIN13U84 Differential Equation F41911192A3 pUAQHIRINE AuMINYszna U8t Independent Variable 1MUY 130
= = =1 4 E =1 1 4 =
WuaumINEIGan Ordinary Differential Equation(ODE) 44811&301331311110731% U4 Independent Variable 131321380

Partial Differential Equation(PDE)
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UnAnN139Aa3N13994 Differential Equation 3213181 1114 Order UDIEUNS FIADAT Order VD4 Derivative 9l q4
¥ ¥ 1
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ODE

Solution UBIEUNIT Ordinary Differential Equation 1179 Function U949 Independent Variable Lg% A1 Parameter 71

Al aumsiiuaie 9nd19819 Function 913819

y=-05x"+4x" -10x" +8.5x +1

£ = P |oa = o o 1

Gy Polynomial 13 Order NNUH 41151911015 Differentiate 313830817 15192 14 Ordinary Differential Equation
dy )
— =-2x +12x* —20x+8.5
dx

L A = y L S 2 o
a1 1992050189 An551U94 Polynomial 91901 UA 1uy311a A 1AY Funuilannsszuans

I ar Lt

= | | = £ =2
TazuansdaManasuulasesnves y aemalasunlawes x (3anae
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AnANTIUS luAes y deves x
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1 -::. 1 al 1 ar
f1 Slope) 1‘1*’1}@@]14*‘]%@4 X gﬂmw a7143LLE P19 Plot 41949 Function L&z Derivative 18314




ODE \

111 Differential Equation 1111'-’;31 1131918181341 Solution VD331 Ad Function 1Ay Tunsaiil 1319114 lasns
3

Integration Agil

y=[ [-2x° +122* - 20x + 8.5}

= 05x"+4x’ —10x* +8.5x+ C

¥

. 1 = 2 ar = a = =1 2 o awr .:?:! al
Feazod luguuviimiiiouaunsd uay sniungamen Ae lums1iinms Differentiate 1Az Integrate DAV 13114

=1 1 S |a=i:y3.l' o 0 W =i et g = 1o o j 1o I . o
qaided0yavainl Constant 11 F301w1aAHud19291 14 Solution 11 1A3S 113 liid e Yuednius ¢ Ml 1d1d ¥

lidnamuiu@zidall)

pd1413Aa AMreuiignAssziidmaude) uazlunsNazmidaeudingn uidesimuaan 1z 4w

(Auxiliary Condition) #1115 UA3A13V04 First-Order ODE @012 %38619Aa130AD Initial Condition N9z 141151181

1
=

Constant #AEIDENUFUEUT 1 1A Initial Condition T x = 0,v =1 dounuamluannmsnld
1=-0.5(0)* +4(0)° —10(0)* +8.5(0)+ C

g | 3 & o ¥ e d
SR G RFRIIG IR ERGE C = 1 l!ﬁﬁﬁ’l"ﬂflﬂ Unique Solution l!ﬂElﬂﬂLL"ﬂH‘ﬂ’ﬁﬂ;ﬂﬂﬂﬂlﬂﬁllﬂ’liqlﬂﬂ Solution 13192

18 1meuV04 Differential Equation NdoIms



ODE

- -
N13%1 Selution U8 N-Order Differential Equation 1% 15192A03M3 Condition N¥UA N #3113 Unique
Solution #11)7°] Condition 114 gni1ua 19711A 1904 Independent Variable @Aa3fi% n15uAilaivaas19ziion nitial
" Ly
Value Problem L1171 Condition on MHUANAIA N LD Independent Variable ‘ﬂﬂlu“r’i' THIzLT8N Boundary-Value Proble

g :%I o =X = a 1 Lﬂ:‘
Tuumnil azdritansilamini21an Initial-Value Problem 111311




ODE: One Step Method ?\

1 Ir ar A :: Jr
i519z3)a e ladhmiumsunilayinanms Ordinary Differential Equation f19g 1131

% = f(x,) I

a:'k' q Y=t 2o 'Er:l -=':- o/ 14
$3M3 193515089 Numerical 1nundayvindy aumsnlyazadlugilves
Mlyiy =aun + Slope X Step Size

vidowen ludnyazvesaun I NN aman;
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Yia=wt ¢h

24 1 q 3 i D 1 1 1 i 1
¥3210e1M3 A1 Estimate Y84 Slope ¢ 9200 1911m5 Extrapolate Tumamalyial v, anaum p, Tuans
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ODE: One Step Method ?\

Vi =y, +oh

A='k' 1 [ v [ U 1 1 I [: I
FI91NAN5 A1 Estimate Y94 Slope @ 3xn 1511015 Extrapolate Tunsma1lng v, w1 y, Tugs

= P ‘ o =
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Polygon Method luaaugaileussun 1519zna1nda359fien 1471310 g Ao Runge-Kutta Method




Euler's Method

10.3 Euler’s Method (Euler’s Cauchy 130 Point-Slope Method)

1 =iy ¥ = L
A1 First Derivative 71 1A211015 Estimate 1A8ATIU04 Slope 139 X, 9&H 11@a1n
([ﬁ = ‘f(f{':. . .‘lr_rf)
..:: 2 1 =: s ua:!
Llaan f(?{', . Vi ) FDATUDITNNIG Differential Equation 199 X; tlaz vV, AIUUANNITUD] Solution v

o0
Vo =3+ (.0

aumMsN@endauusInAuluuimes Euler’s Method (1138 Euler-Cauchy Method 139 Point-Slope Method)

-=: 1 1 1 o o o q 3 1 1 o W 1 s
Iagiia y a1 lmim lannmsihiune lasld Slope i]’lﬂ'ﬂ’llﬂ]('ig]gﬂ} 11113 Extrapolate 718 Step Size (MNY /




T

yH.]_ — yf —I_f(x;:y;)h

aumsNd@end1auns Iniu1un1993 Euler’s Method (139 Euler-Cauchy Method 139 Point-Slope Method)

Tasfian y mlmsin laanmsinelaeldei Slope 91nAuAA31)) 1713 Extrapolate A8 Step Size 1AL /1

’ Predicted
7~

Error
True




Euler's Method

Example 10.1 9319 Euler’s Method 5117134181 Integrate DIFAUNII

\

o F 1 -dk' o
11199 x = 0 9990 x = 4 Tag1¥ Step Size 0.5 @861 Tnitial Condition x =0, ¥ =1 via ¥(0) = 1 Fsimou

f(x,y)=-2x +12x* -~ 20x+8.5

1 1 g-‘l

=X = oY =i I =i =& 4 3 2 .

s seaumsuaastoumini e ¥y = —0.5x" +4x” —10x" + 8 5x +1
Answer:

10 p(0)=1 13114 1(0.5) = »(0) + £(0,1)0.5=5.25

&3 Solution ﬁLlﬁ'ﬁWﬂd'ﬂqﬂﬂ?ﬁﬂ 1(0.5) = -0.5(0.5)* + 4(0.5)’ —=10(0.5)* +8.5(0.5) + 1 =3.21875 )
514 E =321875-525=-2.03125, e =-03.1%

f

110 $(0.5)=5.25 15118 1(1.0) = »(0.5) + £(0.5,5.25)0.5 = 5.875 I

True Solution }-‘(1) = 3.0 uag e = —95.8%
T



Euler's Method

2 - - -~ a ot ar |
vinlwsauaen v(1.5), v(2). v(2.5). v(3). ¥(3.5). ¥(4) nadnin lauandangiaiieas s

\

o al El :: W = s -=-It 1 A = 1 al
'ﬁ'ﬂLﬂ@lhlﬂ’J’l 113737 Solution 1‘11*’;51'{1 EiJﬂﬂ“ElmEﬂ’lilﬂf’l EJ‘IJ_L.L‘JJ £14% 73 True Solution ¥ Error YIINA AI8HU192UIN

Relative Error, €, % /
X Ve Y suter Global Local(gAod19a19)
0.0 1.0000 1.0000 0.0000 0.0000
0.5 3.2188 5.2500 -63.1068 -63.1068 .
1.0 3.0000 5.8750 -95.8333 -28.1250
1.5 2.2188 5.1250 -130.9859 -1.4085
2.0 2.0000 4.5000 -125.0000 20.3125
25 2.7188 4.7500 747126 17.2414
3.0 4.0000 5.8750 -46.8750 3.9063
35 4.7188 7.1250 -50.9934 -11.2583
40 3.0000 7.0000 -133.3333 -53.1250




Euler's Method

I o | ua:! o =R ar r_g:l 1 1
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Solution "ﬁ ';‘EIJE] 1073




0.25

0.125

True




Heun and Polygon Method

10.4 ﬂ‘l‘iﬂ‘:f’l_lﬂ‘gﬁ?ﬁ!ﬂ 15U Euler’s Method: Heun’s Method 118z Polygon Method

1 q 1 P r_g‘,:l = g 1 1 =
"I 11’1‘ 'ﬂJu Error ItN@1910 Euler’s Method HﬂLﬂﬂﬁJﬁil1ﬂ]i1i11§H1 Derivative 111! ﬁ]ﬂﬁﬂﬂ]ﬁ]ﬂfﬁ l!ﬁELﬂ‘IJ_
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manu’mﬂaglum-ﬂuﬂﬂ’rzs
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Heun Method

10.4.1 Heun's Method

-y " 1
=t

3312719159171 Derivative #9371 A5 NADNIAGUANV T tazmfidosfoagallaleunasis uaza
o 2 e A¥e e o4 22 oad o
Derivative 138839z Maas wazian15d 11 DE7901 $93515 4580 Heun'’s Method

11n71Nd 1714 Euler’s Method #i1 Slope 13A13A14213 Tnterval 92111
P p— )
Vi = f (=Yf=.1’:')
o q 3k 1
uazt31311 19 1umM 3 Extrapolate ¥1A1 v, ,
0y ~
Y.,.= + f (xfa.‘r":')} !
= :? =1 . . s 1 q 3 ] 0
BITUMTULITNTEN Predictor Equation T3NA1LT 11 Notation Viit

.. .
Eﬁdlﬂﬂ Solution 14 Euler’s Method

g 1 = q & o ¥
113 Estimate A1 Slope 711/a194104 Interval 15115@1 3, 1115 Estimate t@z13114

.1"?;—1 — f (x:'—l 3 .v.rp+1)




Heun Method

3 1

o

= 1 1 =t G 1 -13:! E
13191313 73A Slope MN3&® 1 HAZVIANURAYVD] Slope Turaiu sz1a

7= J"; + J'?;—l — f(x;"-‘.}?f) + f(xr'+1’-}!:}+l)
) 2 2

d%' 1 oo 1 q 3k s q 3 o/ o o .
BIA1AINE17929n 1¥11UN15 Extrapolate 317 ¥, Tdda v, . Taglsaumsiduass @28751@1U99 Euler’s Method

Yixl

Via

— .1__} + f(xf‘-.v.f) +;(xf+1‘-.v.:j—l) ;E'

LAz EINITIIUUE S 8N Corrector Equation







Heun and Polygon Method ?\

o 1 o) =ah :: =4 ar o ,5%' F
Heun’s Method A2 110473591(380 Predictor-Corrector Approach LAz 113 One-Step Method 3 14 Class 194
¥

[ %) J=%I j:! [T} I = =l 1 I [ j:! -=v%II ; j:!
Multistep Method 3= 19annsHnaiy oena'lsnany 75903 Multistep Method 9z 13/na 1311413 #3371 Heun’s Method

= = 1 o :?
2211 UIFLALUD9 Predictor-Corrector 1113 "I%ﬂe."ﬂ’lﬁ»‘i gz ﬁ%;ﬂhlﬁﬁdﬂ

Predictor: y° =y, + f(x.y)h

S y) +f G Vi)
2

Corrector: y,,, =y, +

. - ) _ . - o = . = o -"=: .:U o ﬁ ) = .;1 4=:_ q ¥ . -=.v:.a='|.$l s -:v%ll
f1N13U849 Corrector ﬁ']il’laﬂ"ﬂ’lLﬂH [teration h]_,ﬂ lﬂEJu"lf-Jm]hlﬂﬂm_liJ"l i ﬁ'iJﬂ’If;lﬂiJH’i’E]"ﬂﬂﬂ*ﬂ Solution NAVY AIU

+f@&ﬂhﬂﬁ$ﬁﬁh
2

Iterative Corrector: _1.-;"_1 =y,




Heun Method

8

Taefl ¥/, uaz v/ MiiluA 1999 Corrector 1l Iteration juaz 7 —1 aWd1dy tazd s 1a@1150/1114A Termination
E
Criteria Y8 3lLAaz Step 1@ ¢14 Error Estimate 11

V J. _ .Ir_,_J_— )
E?a‘ = |~ atie ‘100{]{]

i1
Estimate Error: ‘

V!

i+l

1993 Error NAA 13 Heun’s Method 92N Euler’s Method [@#1JA1 Local Error Elgjlﬁ 0(333) 118z A Global

Error ’E]Ej"ﬁ O(:I?j ) lua91241 Global Truncation Error 494 Euler’s Method ﬂtjl"ﬁ O(F?)
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Example 10.2 9319 Heun’s Method 1M 3171 Integrate YDIHUNT V'= 4" — 0.5vamx=0 014 Iag

[EANTREEIE Step Size = | ¢ Initial Condition A9 f(U) =2
Answer:
= T o [ L =2 ak = . . . 21
FNADUNUNITIVDITUNG (Ej aulamsunaumsaning ﬂﬁﬂﬂ’lhlﬂm 131 Calculus(Differential Equation)) £18

V= i(e'ﬂ.gx _ e—'ﬂ.ﬁx) 4 2(?_{"5)‘.
- 1.3

M3y Step 1 1 : Iteration 11 1
' . = Y 0 0 - & oy ay .
AMBI Predictor 1 x =1 ¥1la9n 3] =2 +[4e” —0.5(2)]x1 =15 F3Aoa11 14910 Euler’s Method
A1 Slope 71 (x,, V) Aalduindy vy =4e” —0.5(2) =3
Tagd /1 Estimate 1, = f(x,, 1)) =4 —0.5(5) = 6.40216371

y - 5 3+06. 3
HAZAINUALRAYUDY Slope 1T/ 0 42216 T 470108186

Thega §Ums Corrector dnNsadma ldiiy 3] =2+ (4.70108186)(1) = 6.70108186

gladisuiudmeuiuiaieie 6.19463138 1511d e, = —8.18%

=



Heun Method

1 1 E-‘I
M3A UM 11 Step 91 1 : Tteration 1 2 Uaz 3 151911731

119a y, deunduluaumsian uaz 14

: [3+ 4" —0.5(6.070108186)]

=24 5 x1=6.27581139:¢,|=1.31%
~ 08(1) N & -
i opy Brde 0.;(6.2?581 1391 1~ 638212901 | =3.03%

. ' 4 4 4 & ! .
Funa 1114 Iteration 91 3 Error 3= UUHIEANTVVIUNT Tterative 91992 13l Converge d1H31 True
1 1 = Y o o 9/ 1 1 =1 =1
Error #9819 150813 1192 Converge @113 Estimate Error #1137 14V 19819UARIHANTT Run AT Step wisumeuns

Run 1 Iteration 1@z 15 Iteration d1W3LUAAY Step LAz AU INILEAL Program MATLAB d1%5UA 110




Heun Method

Result 0f 1 and 15 Iterations and Error

| Tteration

15 Iterations

75.33896260915857

83.33776733540077

10.61708901904872

77.73509619396161

X Virue Vyoum |€1. , % Vo ‘EE} . %

0 2.00000000000000 2.00000000000000 0.00 2.00000000000000 0.00

1 6.19463137720937 6.70108185698494 8.17563546458700  6.36086548685535  2.68351899448886
2 14.84392190764649  16.31978193789828 9.94252084748262  15.30223665973187 3.08755836184566
3 33.67717176796817  37.19924889686475 10.45835188644487  34.74327609067792  3.16565871402471

3.18047063805967




Improved Polygon Method ?\

10.4.2 The Improved Polygon Method (Modified Euler Method)
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Improved Polygon Method




Runge-Kutta Method \
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ky = f(x,.9,)
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h)

n-1
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o 1 I =l ot s o o . d& = q Y=t =1 = = .d:l_ o =1 =
FINAIIRN kf UANUTUNUTNUUDLY Recurrence Relation &4l upaliiizn1sveas RK Hlsza@ninndioihuweinily

T1lsuns



¢p=ak +ak,+--+ak

1 = 1 = 1 = ar a%ll

A1 @, fluanad wazal &, Aniuadsl
ko=f(x.y)
k, = f(x, + ph. v, + q,,kh)
ky=f(x;, + p,h, v, + gy kh + gy,k,h)

J

k,=f(x;+p,h vy, + QJ:—I,I'{TI’E"} + q”_l:zﬁgh et q}:—l,n—lkm—lh)

af =: ==l 1 al 1 ﬂ;. =l
ﬂ'JEJﬂ’IiL“IJﬂEm’]ﬁﬂﬁﬂ’ll“ﬂml@l’lﬂﬂ@lmﬁilﬂ’liﬂlﬂﬂ‘i_m e 7 annsalasuulains suisues Runge-Kutta
o s I =i 1) 1 :: = By o 7 o
lanateuvy dunadlunsaiveg First-Order Runge-Kutta @881 n =1 19531181079 Euler’s Method 1113117 Runge-

1 1 g-'l
Kutta Method 111% 1fa15 udona 1993 n (130 Order Tunsdifil Order 1) A04 a,, p, Az g, , 111504110 1agds

Vig =V + gﬁﬁ(xf. Vs h)f‘f mnuman 1y Taylor Series Expansion

= =5 1 £ al:%l Y =l L
1319213 UINNITANE 1 Second-Order Runge-Kutta Method nau "]J'ﬂluﬂﬁmuﬁ’l'ﬂﬂﬂﬂ THAaUNLNATID IR TAD UV

1
I =i

3 '
ﬁllﬂ’li’é]ﬂﬂgﬂﬁllﬂ’li Quadratic (a2 1135192371 Local Truncation Error g O(ha) 18z Global Truncation Error 8871
o 1
2 1 o . & =y . 1=t 3 4
O(h™) @831n11% 1319 AN¥1 Third-Order 1@z Forth-Order %3311 Global Truncation Error 989l O(h” ) uaz O(h")

AuaIRL
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Second Order Runge-Kutta
Method

93M13904 Second-Order RK 3z0¢ 11131

Vo =V, + (ak +a,k,)h
Tagd

ke = f(x,.5,)

ky = f(x, + ph, v, +q,,kh)

1 1 i j: q ¥ 1 oar
A1 Constant ®13%] @1373 241 laa1nmsaean s 1y Taylor Series Expansion

-
A

Vi =v,+(ak +a k) )h=v. + f(x,v)h+ f '(xf.,}-‘j)%

= -:: 1 2/ !
laena1 /' (x,. v,) @13130%11A9100g Chain-Rule Y94N15H1A1 Derivative




Second Order Runge-Kutta
Method

\

. df _ df dv
X.,V,)=—+———
F ) =St

uazi1l@

.}’!r'+l — fl#',f + (ﬂlkl + Hq;{",:);',l = -}:" + ‘f‘(xj : }}f)h +{ df N df aﬁ; :If'_
- dx (f], dx

j! : q 3 o o a:'k =1 o qﬂ.-'
10U a1y Taylor Series Expansion #1431 Two-Variable Function “4 mgﬂuwﬂau

gx+r.y+s)=glx })+?‘j—g+3d—‘g+

x dy

Auaumses k, 1519z1a

d d 5
ky=f(x, + ph.y, +q kh)=f(x,y)+ plhd_i + gllklhd_i: +0(h7)




Second Order Runge-Kutta
Method

uaziioi 1unua1luanns Second-Order RK taz a3 gamauiiiloudy 5116
df df |, 3
Via =W+ ['—’ﬁf(xf-}’s) + azf(x;-ﬂ"f)]h + |:a2p1 E + nigllf(xf‘-.v.r’)(;,_r h™ + O(;? )

._' = =i o o aa
dion)3eudisun U a5 Y84 Taylor Series Expansion ¥93 ¥, axii1n13 Equate Term 1518511091

a,+a,=1
ap, =1/2
ayqy =1/2




Second Order Runge-Kutta
Method

4 =t =i o o o
Wionls suieuAUaIn13u84 Taylor Series Expansion Y94 ¥, 48111113 Equate Term 151851 109

a, +a, =1
a,p, =1/2
aygy =1/2

af o 1=1 1=t g o = o
flg‘ﬂﬁuiﬂﬂ ﬁiJﬂ]iWJHlIH‘IJij =NDUAFTTUEUNT LA 4 Unknown LA ELlllll’ﬂ AU UAaY MIHIANDUA NG

o e 2 1 o -dk' 1 ua:! q 3 E 1 -=':. 2 o ua:!
‘ﬂ’lhlﬂ lﬂEJLﬁ’E]ﬂ'ﬂ’l Constant ®HHHINOU '{l’lﬂmﬂfﬁﬁ’m dain1FTu1auUHY A1 Constant NLH 5’?] AIUH Second-Order RK Method
y

92111a18 Variation LAz 1§ 1AYIIAT]




Second Order Runge-Kutta
Method

2 =1 e 2 i
l. Heun’s Method with a Single Corrector: 0NGTUNAMN @, = 1/2 wwnaumsla a, = 1/2, D=4, = 1

gioah ldunua luaumsved RK 15114

Vi =V, +(l,ﬂ.’1 -I-lf'.’z ]f&'
\ 2 2
ko= 1(x.»)

o, =f(x, +hy +hk)

1
=i

-d'i' -=: =y = 1 -=':. I = 1 1
4 '](1 “l"l'{lidl!g']'ﬂﬂ’ﬂ] Slope ﬂﬁ?ﬂ'ﬁﬂmﬂd Interval Loz A’z fABAT Slope N ﬁ'ﬂ!ﬁ'lﬁlf'l]ﬁld Interval LAz@UNII

47 ﬁl 1791 ﬁﬁl Heun’s Method ﬁﬁ 1 Iteration




Second Order Runge-Kutta
Method

2. The Improved Polygon Method: 143 ’Iﬁillggifh a, = 1 sudaumsla a, = 0, =49, = 1/2 gl

unua1luanmsved RK 15118

Via =, el

k= f(5.0,)

ky=f(x, +5h,y, +3hi;)

s 1 =2
HAzEuMIAINAINAD Improved Polygon Method




Second Order Runge-Kutta
Method

3 = ¥ 3 / / _r '
3. Ralston’s Method: U5 1833jAf1 @, = 2/3 wwdaumsla a, =1/3, p, = ¢;;, =3/ 4 diorh lunuam

Tuaunives RE 5114

' 3

‘I‘Tl — f(xf‘-.vi)

fey = f(x, +3h,y, +3hk)

Vig =V + ( %!q + %!@ ]h
3 3,

o

SV w 2 4w i
GEVIIRERY TlJ NN l‘lJ_ 113 Ralston’s Method 3392 11’? f11 Truncation Error 4843 Second-Order RK 11 HJL! Minimum

Bound




Second Order Runge-Kutta
Method

¥
Example 10.3 34 1% Second-Order RK Methods 13981335 W3 sutilsnn13+1a1 Inte grate VBIFAUNT

V'= f(x,v)=-2x" +12x" —20x + 8.5 1 x = 0 93 4 Tagl¥un1av043 Step Size = 0.5 @1 Initial
Condition AD f (0) =1

Answer:

o =: = 2 s ] =: 4 3 - 2

Anpuiuiaife@ndiednai ) v =—-05x" +4x” —10x~ + 8 5x +1

3
AR VYR I II3T tazd Eror #31 1ATuA1513913819 §1115U Source Code 183 MATLAB @ @910

TIRAHUIN




Second Order Runge-Kutta

Method

Improved Polvgon

Single Corrector Heun

Second-Order Ralston

¥ Vo ¥y e.|.% y ‘E:‘I‘ﬂﬂ y “5} %0
0.0  1.00000000000000  1.00000000000000 0 1.00000000000000 0 1.00000000000000 0
0.5 3.21875000000000  3.21875000000000 6.8 3.10937500000000 34 3.27734375000000 1.8
1.0 3.00000000000000  3.00000000000000 12,5 2.81250000000000 6.3 3.10156250000000 3.4
1.5 2.21875000000000  2.21875000000000  21.1 1.98437500000000 10,6 2.34765625000000 5.8
2.0  2.00000000000000  2.00000000000000 25.0 1.75000000000000 12.5 2.14062500000000 7.0
2.5 2.71875000000000  2.71875000000000 17.2 2.48437500000000 8.6 2.85546875000000 5.0
3.0  4.00000000000000  4.00000000000000 9.4 3.81250000000000 4.7 4.11718750000000 2.9
3.5 4.71875000000000  4.71875000000000 4.6 4.60937500000000 2.3 4.30078125000000 1.7
4.0  3.00000000000000  3.00000000000000 0 3.00000000000000 0 3.03125000000000 1.0
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Third Order Runge-Kutta
Method

[

Tunsaly

—

Qe

200 6 AUMS AU 19=A097

@

'Y woo o Yy
7 = 3 15192 1A Third-Order Runge-Kutta Methods tazpaaniszdsznov 11A1en15411 8 Unknown

MUAAIUD 1899 Unknown Ua=H 17171 Constant NA090 6 67 nazdzimaav1d1ning
- :& =X = q ¥ ar BN 1
Aaavvidaniey 15au 1aun

3y
¥AINIAD 11

Vi =V, + 2k, + 4k, + K|
‘Z‘Tl = f(xf‘-.v.f)

ky=f(x,+3h,y, +3hk,)
ky=f(x,+hy —hk +2hk,)

o 1 1 1 =1 =] 1
GELLEER 'Léf’l Function U93a1n131)3 Eﬂﬁlﬂﬁiﬂ’m X D8R fgﬂﬁuﬂ’liﬁﬁﬂﬂﬂﬂﬁl Simson 1/3 Rule 11 Local

Truncation Error 181z Global Truncation Error Y84 Third-Order Runge-Kutta Method agi1u O(:IFJF) e O(hj) SRETGREN
c == & . & . = o w L . q¥1 = ¥ =
Tunsafanmstu Cubic Polynomial 1311 Solution 111 Quartic A4HUAABUVDY Third-Order 32 111A 191111195 9




Third Order Runge-Kutta
Method

Example 10.4 94 14 Third-Order RK Method i1 Solution Y9 3&3/13

dy
dx

= 4% — 0.5y

91101 x = 0audax =1 1ael¥ Step Size= 1 Aviuali v(0) =2

o

Answer: 71791 10210715 Run MATLAB Program mMeunil

-y

» [®%,y,el=c3rk(0,1,1,2)

M =
o
1
E:":
2.00000000000000 2.00000000000000
€.1%4e3137720837 0.175¢7668004419

0.30558586 ¢7?34_




Forth Order Runge-Kutta
Method

10.5.3 Forth-Order Runge-Kutta Methods

] L} ] i‘l
1 =1 wr o=t 1 g o a-' 1 =t =1 1=t =t = 1 o
IFHASINUTINE 1139088 Forth-Order Run ge-Kutta Method 9213 Variation laisinau aa a9 l5nan
ad = 4 q o d4 s o 4
Forth-Order RK Method Lﬂ HITNUININNTA TuN92na19n335375N580 Classical Forth-Order Run ge-Kutta Method 443

Lﬂwgﬂmmﬁnﬂﬁ@iﬂﬂﬁ
Voo =V, + 2 (k, + 2k, + 2k, + k)]
k= f(x.,)
o =f(x, +3hy, +3hk)
ey = f(x, +1h.y, +1hk,))
k,=f(x,+hvy +hk;)




Forth Order Runge-Kutta
Method

Example 10.5 33 1% Forth-Order RK Method ¥1 Solution U8483/713

V= f(x,v)=-2x +12x" —20x +8.5
110 x = 0audsx =1 Tagld Step Size = 0.5 Aviualsl ¥(0) =1
Y
Answer: 7179014217715 Run MATLAB Program Meuni

0
0.50000000000000
1.00000000000000

1.00000000000000
3.21875000000000
3.00000000000000

.o0ooooao0o00000
.21875000000000
.o0ooooaooo0o0o0

L =

0
B=_

3 1 ] = .
Fupahlunsaliigz1dd1n00Nia39 151039710 Solution 111U Quartic 182035135V Forth-Order RK 22111

f1ADVNLT03 39U Forth-Order Polynomial
N



Higher Order Runge-Kutta
Method

10.5.4 Higher-Order Runge-Kutta Methods and System of ODEs

L] g-‘l 1
ﬁ’lﬁﬁldﬂ1§'ﬁ1'%1ﬂm"1§]ﬂ'ﬁﬁl»‘iﬂﬂu L3181173 Eﬂﬁﬁ Order 1‘1@]»‘1151’.]1“1]&& Runge-Kutta Method P EEANG AT FIIRIGE
' e o o
Fifth-Order Method 1 ﬁ'ﬂﬂujluu’lilﬁum Butcher’s Method 1/3 zﬂEJ‘_'LIﬁ AWYAVD TFUMTAIUN

v, = v, & (T + 32k, +12k, + 32k, + 7k,

S

ko=f(x.y)

fa= 0+ o + 3k

Jey = f(x, + 10y, + Lhk, + L hk,)
ky = J(x, +3h.y, =3k, + k)

ko = f(x, +2h,y, + 2 Wi, + 2 hk,)

ks = f(x; +h,y, =3 hk, + = hk, + 3 hky — % hie, +3 k)

s1eazpeaiz linda1nae dnany anlvanso@en 1U5unsy MATLAB §1%5uanstauyiaznaasd

LY
0

1111 1FuAaun13 ODE wianls suieudiuisnainauted

e



Comparison

dv/dx =4e"% —0.5y




Chapter 12 Homework (HW 11)

- Download HW 11(ODE)uaz1inlu
Sheet

- Option slasseAsu 10 asuaz'laidu
©lucavsv
- aziiy 10 HW nazuuuunnngn
- 49BN 4 N.A. NMiasna 5-310 Aau
STHE
- l3diunn 13 Curve Fitting
» Course Ends



Final Exam Preparation

e gn9aziuun

e 2lAZAUN 7 212 tRan1 5 2a 10x5 =
50 azuuy wguiluazuuuduy 50%0

- 2 7ia ifludasnau Midterm (Part 1
uilvaa war Part 2 uilvaa)

e 5 9iaiflusavliiu aivid
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e 5 2ia tilutgavT1iu 1iav MT aivid
— 1. Taylor Series uazn17UszUIUA1UDY
Function 53189 Error

— 2. Root of Function (Bisection #%a
Newton)

— 3. Linear Equation 1 2@

e Gauss Elimination, Gauss Jordan, Gauss Seidel
ey LU Decompositon

— 4. Numerical Integration (Trapezoidal #%a
Simpson)

— 5. ODE 1aalaf 4t Order RK
=L




Formulas
5@) MT+§eiB0%

Numerical Methods:

Y =x — f(xn)(x? _xu)

- " f(x!')_f(xn)
=g (.t{.) (Simple One-Point Iteration)
X,
I )

B CH
_ f(x,)[xg_l -]
Sx) = F(x)

( Secant Methed Formula )

el TN

LU Decomposition:

ly=a,. fori=12...n
a

Uy = L for j=23...n
Fll

For J':2.3.....n—1

J-
:(JU—ZQ’MHJ fori=j.j+L...n
p=
i1
i — Z zﬁ'”"jf
i=1
ik
1,
n-1

— Z]nkuﬁm
k=1

Simpson’s 1/3 Rule:

= %"[f(xo) +4/(x)+ f(x,)]

Simpson’s 3/8 Rule:
122010+ 3/ )43/ () + /)

Rhomberg Integration:

k-1
4 I, J+Lk-1 Ij.."{—l

IJ:k 4&' |
ODE
Euler’s Method:  ¥,,; =¥, + f(x,,v,)]
Heun’s Method:
¥ o=y S y)h
L SGL)H f vk,
2

Vi =V (0 V)R

¥

.{1_.{

Polygon Method:

Ralston Method:

-Ralphson Formula)

Jork=j+1Lj+2..,

(False-Position Method)

n

J(x)=f(0)+ / II(TO) X+

4 1 2 A}
V=2 | Th+Sh, Jh
\3 37

k= F(x.5)
k= f(x+ 20y, + 2hE)
Classical Fourth Order Runge-Kutta Method:
Vig =, + Bk, + 2k, + 2k, + k)]
ko= f(x.¥)
ky = f(x,+3hy, + $hi,)
ky=f(x,+3h v, +1hk,)
ky=fQx,+hy, + hicy)

Taylor Series Expansion:

F) = fla)+ f(“)(\

—a)+=

@
I ((a (x—a)’+ f %I(a)(l‘

Zf (n)(‘ ay Zf ((’J(\

n=0

Maclaurin Series:

/10
2! 3!

o {n)
300,

=

o 2 3 4

- X X X kY
€ =) —=l+x+—+—+—+-Wx
=l 200 3 4

® 7l

log(l—x)= fzt—f

n=1

—l<x <l

o ‘_‘:ﬂ
log(l+x) =Y ()" = —l<x<l
Z( n

N ) L LR
smx:zi, el X Y
s (2Zn+1)! 38
1 ¥
Cosx—z( ) =1- X 4% vy
;10(2”)I 2! 4!

-_(1)3_,_..‘

@
+ ARG x4+
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